The 2-body Problem

The general problem of the orbits of 2 bodies with similar
masses, e.g. the Earth-Moon system or a double-star is
both of direct and indirect importance to us. Indirectly,
because it can be reduced to a 1-body problem for the
relative motion, and so, we can economically consider
both at the same time. Begin by reviewing the standard
decoupling in center-of-mass and relative motions.

Equations of motion:

origin

Add these equations: m,7, +m,7,=0

Integrate: m,V, +m,V, = a = constant vector



Integrate again: m,7, +m,7, =at+b

-  mr +m,r S ]
let M—m tm and R= HM 22 then MR=at+b.

I.e. Uniform Center-of-Mass Motion.
Relative Motion:

Consider a new (moving) coordinate system with its origin
at the CM.
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then it is seen to be a system of 6 first-order ordinary
differential equations.

Thus, we expect 6 constants of integration. Three of these
can be associated with the angular momentum vector.

Proof: rxr=0

Gl = e e e
but, —(Fxr)=rxr+rxr=0
dt
Fxi=h

= specific angular momentum

= constant
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The Restricted 3-body
Problem in the Plane

We will be primarily concerned with the motion of the
very low mass particle m3. Assume that particles m1, mp
are on elliptical orbits about the CM, like a 2-body system.

Define the position of m3 in an inertial frame as:
R = (X(1), Y(t}).

Also define -

R1 = the distance between m & m3
= I(X-X1)2 + (Y-Y1)2] 122

R2 = the distance between m» & in3
= [(X-X2)2 + (Y-Yz} {112

Choose the origin and coordinate direction such that mi,
my are on the X-axis at t = 0O, then,

X1 =bcos(ot), Y1 = Db sin(mt),

X2 = -a cos(mt), Yo = -a sin(mt).
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The gravitational force on m3 equals -GmiR1/R13 -
Gm2R2/R23, and the equations of motion in the inertial
frame are,

Gm

3

= o (X —bcos(wr)) —

3

2 (X +acos(wt))

Gm,

3

e (Y —bsin(mr)) —

- (Y + asin(wt))

Key to this problem: Transform to a rotating coordinate
system. Jump on the carousel!

Specifically, define a "co-moving" radius r, by,
R= R(wt)7,

then the mi1-mp2 axis (i.e., the x-axis) rotates with the two
massive bodies.

Morc precisely, the transformation is given by,

X = %(¢) cos(r) + y(t)sin(wt)

Y = 5(1) cos(wr) — X(¢) sin(wr),
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Fig. 7.8 Equipotential contours for 17 (. y)
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